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Abstract
We develop some new aspects of cohomology in the context of semi-abelian categories: we establish a Hochschild–Serre 5-term
exact sequence extending the classical one for groups and Lie algebras; we prove that an object is perfect if and only if it admits
a universal central extension; we show how the second Barr–Beck cohomology group classifies isomorphism classes of central
extensions; we prove a universal coefficient theorem to explain the relationship with homology.
c© 2007 Elsevier B.V. All rights reserved.
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0. Introduction
The notion of semi-abelian category introduced by Janelidze, Ma´rki and Tholen in [31] provides a natural context
for a unified treatment of many important homological properties of the categories of groups, rings, Lie algebras,
crossed modules, C?-algebras and compact Hausdorff groups. Several results, which are classical in the category of
groups, can be extended to any semi-abelian category: among them, let us mention the 3 × 3 Lemma, the Snake
Lemma [9], the long exact homology sequence associated with a proper chain complex, or the Stallings–Stammbach
five term exact sequence associated with a short exact sequence [22]. Semi-abelian categories thus provide an elegant
answer to the old problem, first considered by Mac Lane [36], of finding a suitable list of axioms that would reflect the
homological properties of groups and rings in the same way as the axioms of abelian category reflect some particular
properties of the categories of abelian groups and modules over a ring. The fundamental advances in categorical
algebra that made it possible to solve this problem, and on which the notion of semi-abelian category is built, are
the discoveries of the subtle properties of Barr-exactness [2] and of Bourn-protomodularity [6]. We refer to the
introduction of [31] for a detailed description of the historical developments that led to the theory of semi-abelian
categories.
In the present article, we prove some new results in the study of the homology and cohomology in a semi-abelian
algebraic category. More precisely, we can establish:
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• a natural Hochschild–Serre 5-term exact sequence [27] in cohomology with trivial coefficients (Theorem 5.9);
• an interpretation of the second cohomology group H2(Y, A) as the group Centr(Y, A) of isomorphism classes of
central extensions of Y by an abelian object A, equipped with (a generalization of) the Baer sum (Theorem 6.3);
• a universal coefficient theorem relating homology and cohomology (Theorem 7.2).
Thus we simplify some recent investigations in this direction in the context of crossed modules [19] or precrossed
modules [1], and unify them with the classical theory that exists for groups and Lie algebras. Our approach is based on
the work of Fro¨hlich’s school—in particular, of Lue [35]—and also on the work of Janelidze and Kelly [29], who re-
cently discovered some unexpected connections between homological algebra and universal algebra (see also [20,30])
and indeed, the present work benefits from some new categorical tools designed for understanding the universal al-
gebraic property of centrality [18,37,33,14]. For a different approach to such problems, the reader is also referred
to [16].
In the first section we collect the main properties of semi-abelian categories that will be needed throughout the
paper. In Section 2 we prove that two notions of central extension are equivalent: the first one is the notion of extension
whose kernel pair is central in the sense of Smith [38], while the second one is the notion of extension whose kernel is
a central arrow in the sense of Huq [28]. In the third section a useful technical property involving exact sequences and
central extensions is proven. In Section 4, we prove that an object is perfect if and only if it admits a universal central
extension: this extends a classical result due to Fro¨hlich [23]. In Section 5, we first recall the Stallings–Stammbach
sequence and Hopf’s formula for the second homology object in a semi-abelian category [22]. We then obtain a
cohomological version of Hopf’s formula as well as the Hochschild–Serre 5-term exact sequence for cohomology: an
extension f : X → Y with kernel K induces the exact sequence
In Section 6 we prove that the second cohomology group H2(Y, A) is isomorphic to the group Centr(Y, A) of
isomorphism classes of central extensions of Y by A. In the last section we establish a universal coefficient theorem
for cohomology in semi-abelian categories, and we give some applications.
1. Protomodular and semi-abelian categories
In this section we recall some basic definitions and properties of protomodular and semi-abelian categories, needed
throughout the article. We shall always assume that the category A in which we are working is finitely complete.
Definition 1.1 ([6]). A finitely complete category A is protomodular if it satisfies the following property: given any
commutative diagram
where the dotted vertical arrow is a split epimorphism, the left-hand square and the whole rectangle are pullbacks, the
right-hand square is also a pullback.
Recall that a finitely complete category A is regular if (1) every kernel pair has a coequalizer and (2) regular
epimorphisms are stable under pulling back. A regular category is protomodular if and only if given any commutative
diagram as above, where the dotted vertical arrow is a regular epimorphism, the left-hand square and the whole
rectangle are pullbacks, the right-hand square is also a pullback. A regular category A is called (Barr) exact when
any equivalence relation in A is effective (i.e. a kernel pair) [2]. A category A is pointed when it has a zero object 0
(i.e. an initial object that is also terminal).
Definition 1.2 ([31]). A pointed category A is semi-abelian when it is exact, it has binary coproducts and it is
protomodular.
A characterization of the algebraic theories with the property that the corresponding category of algebras is a
semi-abelian category was obtained by Bourn and Janelidze:
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Theorem 1.3 ([15]). A variety of universal algebras V is semi-abelian if and only if its theory T has a unique
constant 0, binary terms t1, . . . , tn and a (n + 1)-ary term τ satisfying the identities τ(x, t1(x, y), . . . , tn(x, y)) = y
and ti (x, x) = 0 for each i = 1, . . . , n. 
Classical examples of semi-abelian varieties are groups, rings, Lie algebras, commutative algebras, crossed
modules, precrossed modules and Heyting semilattices [34]. Compact Hausdorff (profinite) groups or, more generally,
compact Hausdorff (profinite) semi-abelian algebras are semi-abelian categories [5], as is the dual of the category of
pointed sets, or the category of C?-algebras.
An important property of semi-abelian categories is the fact that every regular epimorphism f : X → Y is the
cokernel of its kernel [9]. In other words, the class of regular epimorphisms coincides with the class of normal
epimorphisms. In a semi-abelian category, a short exact sequence
is then a zero sequence ( f ◦ k = 0, with 0 the zero arrow) such that f is a regular epi and k is a kernel of f .
Semi-abelian categories are known to provide an appropriate setting for the description of some important aspects of
homological algebra, modelled on the category of groups [4].
The next property, due to Bourn, will be needed in what follows:
Proposition 1.4 ([6,9]). In a semi-abelian category A, let us consider the commutative diagram with exact rows
(1)
Then:
1. u is an isomorphism if and only if the right-hand square is a pullback;
2. w is a monomorphism if and only if the left-hand square is a pullback.
Proof. 1. Given the commutative diagram
one has that (i) is a pullback by construction. But v ◦ k′ = k ◦ u, so that the whole rectangle (i)+ (ii) is a pullback
whenever u is an isomorphism. From the fact that A is semi-abelian and f ′ is a regular epimorphism it follows that
(ii) is a pullback.
Conversely, if we assume that the square (ii) is a pullback, so is the following rectangle:
Since the right-hand square is a pullback by construction, it follows that the left-hand square is a pullback as well, and
u is an isomorphism.
2. The non-trivial implication essentially follows from the fact that, in a semi-abelian category, an arrow is a
monomorphism if its kernel is 0 [6]. 
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The following property will be also needed:
Proposition 1.5. In a semi-abelian category A, let us consider the commutative diagram with exact rows (1). If the
left-hand square is a pushout, then w is an isomorphism; conversely, if w is an isomorphism and u is a regular
epimorphism, then the left-hand square is a pushout.
Proof. If the left-hand side square is a pushout then f ′ and 0: K → Y ′ induce an arrow f ′′: X → Y ′ satisfying
f ′′ ◦ v = f ′ and f ′′ ◦ k = 0. Then also w ◦ f ′′ = f . Moreover, like f , f ′′ is a cokernel of k; hence the unique
comparison map w is an isomorphism.
Now again consider the diagram (1); pushing out u along k′, then taking a cokernel f ′′ of k′ induce the dotted
arrows in the diagram below.
Note that k′ is a monomorphism because k is one; being the regular image of the kernel k′, k′ is a kernel as well [11].
The Short Five Lemma implies that w is an isomorphism if and only if v′ is also the same. 
We conclude this section by recalling the following definition:
Definition 1.6 ([17]). A finitely complete category A is a Mal’tsev category if every internal reflexive relation in A
is an equivalence relation.
Thanks to a result of Bourn, it is well-known that every protomodular category is a Mal’tsev category.
2. Centrality
In this section we explore different definitions of centrality. The first notion is the classical notion of centrality of
congruences introduced by Smith in the context of Mal’tsev varieties [38], which has later been extended to Mal’tsev
categories [18,37]. The second one is the notion of central arrows, first defined by Huq [28] in a context that is
essentially equivalent to the context of semi-abelian categories [31]. In any pointed protomodular category, there is
a natural way to compare the two notions, because in such a category normal subobjects correspond to (internal)
equivalence relations. The paper [14] was the first in which the relationship between these two notions of centrality
was investigated. Here we present two new results in this direction, Propositions 2.2 and 2.3, which will also be useful
in the subsequent sections.
Let us begin by recalling the following definition due to Bourn.
Definition 2.1 ([8]). An arrow k: K → X in a finitely complete category A is normal to an equivalence relation R
on X when: (1) k−1(R) is the largest equivalence relation ∇K on K ; (2) the induced map ∇K → R in the category
Eq(A) of internal equivalence relations in A is a discrete fibration.
This means that
1. there is a map k˜: K × K → R in A such that the diagram
commutes;
2. any of the commutative squares in the diagram above is a pullback.
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It can be proved that the arrow k is then necessarily a monomorphism; furthermore, when the category A is
protomodular, a monomorphism can be normal to at most one equivalence relation, so that the fact of being normal
becomes a property [8]. The notion of normal monomorphism gives an intrinsic way to express the fact that K is an
equivalence class of R.
In a pointed finitely complete category A there is a natural way to associate, with any equivalence relation
a normal subobject kR , called the normalization of R, or the normal subobject associated with R: it is defined as the
composite kR = pi2 ◦ Kerpi1
In the pointed protomodular case, this construction determines a bijection between the equivalence relations on X and
the normal subobjects of X [8].
Two equivalence relations R and S on an object X centralize (in the sense of Smith) when there exists a double
equivalence relation C on R and S such that any commutative square in the diagram
is a pullback [38,18]. In this case, C is called the centralizing double relation on R and S. An equivalence relation R
on X is said to be central when R and ∇X (the largest equivalence relation on X ) centralize.
Adopting the terminology due to Bourn [10], we say that two coterminal morphisms k: K → X and k′: K ′ → X in
a pointed finitely complete category cooperate when a morphism ϕk,k′ : K × K ′ → X exists satisfying ϕk,k′ ◦ lK = k
and ϕk,k′ ◦ rK ′ = k′, where lK = (1K , 0): K → K × K ′ and rK ′ = (0, 1K ′): K ′ → K × K ′. (In Huq’s terminology, k
and k′ commute [28].) The arrow ϕk,k′ is called a cooperator of k and k′. In particular, an arrow k is said to be central
(in the sense of Huq) when k and 1X cooperate.
It is well-known that, in general, two equivalence relations R and S need not centralize when kR and kS cooperate,
not even in a variety of Ω -groups (see [12] for a counter-example). However, we are now going to show that this is
the case in any pointed protomodular category, whenever R (or S) is ∇X :
Proposition 2.2. Let A be a pointed protomodular category. An equivalence relation R in A is central if and only if
its associated normal subobject kR is central.
Proof. Let us first assume that the equivalence relation
is central, and let C be the associated centralizing double relation on R and ∇X . We can then consider the following
diagram
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where the square (i) is obtained by taking coequalizers. Since C is centralizing, both left-hand side squares are
pullbacks, hence so is (i), and R ∼= X × K . This moreover induces the commutative diagram
where p◦k = 1K , and both the outer rectangle and the right-hand square are pullbacks. It follows that K is the normal
subobject associated with R. By considering also the second projection pi2 from R to X one can easily check that R
is then canonically isomorphic to the equivalence relation
(2)
the arrow ϕkR ,1X is the needed cooperator.
Conversely, let us suppose that k is a central monomorphism with cooperator ϕk,1X . One can then form the reflexive
graph (2)—call it Rk . It is a relation, since the commutative square
is a pullback, and in a protomodular category pullbacks reflect monomorphisms [6]. Since Rk is a reflexive relation
in a Mal’tsev category, it is an equivalence relation. Furthermore, this equivalence relation corresponds to k via the
bijection between normal subobjects and equivalence relations: to see this, it suffices to observe that the normalization
of Rk is isomorphic to the normalization of the opposite relation R
op
k .
Finally, consider the double equivalence relation determined by the kernel pair R[piK ] of piK : K × X → K :
It is clearly a centralizing double relation on Rk and ∇X , as desired. 
Recall that an extension of an object Y (by an object K ) is a regular epimorphism f : X → Y with its kernel K :
The category of extensions of Y (considered as a full subcategory of the slice category (A ↓ Y )) is denoted by Ext(Y );
the category of all extensions in A (considered as a full subcategory of the arrow category Fun(2,A): morphisms are
commutative squares) by Ext(A). Recall that in a semi-abelian category, a subobject is normal if and only if it is a
kernel. An extension f : X → Y is called central if its kernel is central in the sense of Huq, i.e. if Ker f cooperates
with 1X . We write Centr(Y ) for the full subcategory of Ext(Y ) determined by the central extensions. The following
well-known property of central extensions of groups will now be shown to hold in any semi-abelian category:
Proposition 2.3. Let A be a semi-abelian category and f : X → Y a central extension in A. Every subobject of
k = Ker f : K → X is normal in X.
Proof. Let i :M → K be a monomorphism and denotem = k◦i . We have to show thatm is a normal monomorphism.
Now k is central, hence so is m. This means that m cooperates with 1X ; in particular, there exists an arrow
ϕm,1X :M × X → X satisfying ϕm,1X ◦ lM = m (where lM = (1M , 0)). But the arrow lM , being the kernel of
pi2, is normal; hence so is m, since it is the regular image of ϕm,1X ◦ lM [11]. 
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3. Abelian objects and central extensions
In this section, A will be a semi-abelian category. An object X in A is called abelian when there is a centralizing
relation on ∇X and ∇X . The full subcategory of A determined by the abelian objects is denoted Ab(A). Since A is
pointed, Ab(A) coincides with the category of internal abelian group objects in A. Ab(A) is an abelian category. It
is well-known that Ab(A) is a reflective subcategory of A, closed in A under subobjects and quotients (i.e. it is a
Birkhoff subcategory) [13].
For any object X , we shall denote the X -component of the unit of the adjunction by ηX : X → X/[X, X ] = Ab(X),
and its kernel by µX : [X, X ] → X , the X -component of a natural transformation µ: V ⇒ 1A:A→ A.
Similarly, for any object Y , the category Centr(Y ) is reflective and closed under subobjects and regular quotients
in Ext(Y ).
The f -component of the unit of the adjunction is given by the horizontal arrows in the diagram
where k: K → X denotes a kernel of f : X → Y [4, Theorem 2.8.11].
Proposition 3.1. Consider the diagram of solid arrows
If the above sequence is exact, m is a normal monomorphism split by s, f is a central extension and A is abelian,
then a central extension of Y by A exists making the diagram commutative.
Proof. Let q: A → Q denote a cokernel of m, and let us consider the sequence
in Ab(A), which is a split exact sequence. It follows that A is a product of K with Q and that, up to isomorphism, m
is lK : K → K × Q and s is pi1: K × Q → K . In the diagram
the upward-pointing square (i) is a pullback; it follows that k × 1Q is a kernel of f ◦ pi1, and then f ◦ pi1 is the
cokernel of k × 1Q . From the fact that Q is abelian and k is central, one concludes that k × 1Q is central, and this
completes the proof. 
M. Gran, T. Van der Linden / Journal of Pure and Applied Algebra 212 (2008) 636–651 643
Proposition 3.2. Consider the diagram of solid arrows
If the above sequence is exact, r is a regular epimorphism, f is a central extension and A is abelian, then a central
extension of Y by A exists making the diagram commutative.
Proof. We may define r as a cokernel of k ◦ Ker r :
The morphism k ◦Ker r is a kernel thanks to Proposition 2.3. Taking cokernels induces the square (i), which is easily
seen to be a pushout. We remark also that, by Proposition 1.4, k is a monomorphism, hence a kernel, since it is the
regular image of k along r [11]. Taking a cokernel of k gives rise to the rest of the diagram, thanks to Proposition 1.5.
The induced extension is central, because Centr(A) is closed under quotients in Ext(A)—and a quotient in Ext(A)
is a pushout in A of a regular epimorphism along a regular epimorphism. 
Corollary 3.3. Consider the diagram of solid arrows
If the above sequence is exact, f is a central extension and A is abelian, then a central extension of Y by A exists
making the diagram commutative.
Proof. Since K and A are abelian, the arrow a: K → A lives in the abelian category Ab(A), and thus may be factored
as the composite
The result now follows from the previous propositions. 
Alternatively, this result may be obtained by using torsor theory [16].
4. The perfect case: Universal central extensions
Suppose that A is a semi-abelian category with enough (regular) projectives and Y an object of A. Then the
category Centr(Y ) always has a weakly initial object: for if f : X → Y is a (projective) presentation of Y , i.e. a
regular epimorphism with X projective, then the reflection Centr f : X/[K , X ] → Y of f into Centr(Y ) is a central
extension of Y . It is weakly initial, as any other central extension g: Z → Y induces a morphism Centr f → g in
Centr(Y ), the object X being projective.
An initial object in Centr(Y ) is called a universal central extension of Y . In contrast to the existence of weakly
initial objects, for a universal central extension of Y to exist, the object Y must be perfect: such is an object Y of A
with the property that its reflection Ab(Y ) into Ab(A) is 0, i.e. [Y, Y ] ∼= Y .
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To see this, let us first recall the Fundamental Theorem of Categorical Galois Theory in a form which is suitable
for our context (see [29]). Consider a projective presentation f : X → Y . Its Galois groupoid Gal( f ) is the image,
under the functor Ab:A→ Ab(A), of the equivalence relation
that is the kernel relation of f . Remark that, in our situation, the diagram Gal( f ) is indeed an internal groupoid in
Ab(A): as explained in [25], this is a consequence of the fact that the reflector of a semi-abelian category to a Birkhoff
subcategory preserves any pullback of a split epimorphism along a split epimorphism.
By taking into account the main result of [13], the Fundamental Theorem of Galois Theory may be written as a
category equivalence
Centr(Y ) ' {Gal( f ),Ab(A)}
between the category Centr(Y ) of central extension of Y and the category {Gal( f ),Ab(A)} of discrete fibrations in
Ab(A) on the Galois groupoid Gal( f ), whose objects can be represented by diagrams of the form
(3)
with the property that the arrow g0:G0 → Ab(X) is a regular epimorphism. We are now ready to prove the following
Proposition 4.1. Let A be a semi-abelian category with enough projectives. An object Y of A is perfect if and only if
Y admits a universal central extension.
Proof. First suppose that Centr(Y ) has an initial object u:U → Y . Because pi1: Y ×Ab(Y )→ Y is central, a unique
morphism (u, y):U → Y × Ab(Y ) exists. But then 0:U → Ab(Y ) is equal to ηY ◦ u:U → Ab(Y ), and Ab(Y ) = 0.
Conversely, consider a presentation f : X → Y of a perfect object Y . Its Galois groupoid Gal( f ) is connected,
since the functor Ab:A→ Ab(A) preserves coequalizers, as a left adjoint.
Now, in the abelian category Ab(A), the normalization functor recalled in Section 2 determines a category
equivalence between the internal groupoids in A and the arrows of A, which restricts to a category equivalence
between the internal connected groupoids inA and the epimorphisms. Let φ: K f → Ab(X) be the “normalization” of
Gal( f ): by applying Proposition 1.4.1 to diagram (3) one can check that the category {Gal( f ),Ab(A)} is equivalent
to the category of triples (Z , k, pi), where k: K f → Z is a morphism, pi : Z → Ab(X) is an epimorphism and
pi ◦ k = φ. It follows that, when Gal( f ) is connected, so that its normalization φ: K f → Ab(X) is an epimorphism,
this category has an initial object, namely (K f , 1K f , φ). 
5. Cohomology
From now on, A will be a semi-abelian category, monadic over the category Set of sets. Such categories were
characterized by Gran and Rosicky´ in [26] by extending a previous result due to Bourn and Janelidze [15]. We recall
some concepts, results and notation from the paper [22], adapted to our present situation.
Let
G = (G:A→ A, :G ⇒ 1A, δ:G ⇒ G2)
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denote the comonad on A, induced by the monadicity requirement. Recall that the axioms of comonad state that, for
every object X of A, GX ◦ δX = GX ◦ δX = 1GX and δGX ◦ δX = GδX ◦ δX . Putting
∂i = GiGn−i X :Gn+1X → GnX
and
σi = GiδGn−i X :Gn+1X → Gn+2X,
for 0 ≤ i ≤ n, makes the sequence (Gn+1X)n∈N a simplicial object GX of A. This induces a functor from A to the
category SA of simplicial objects in A: this functor will also be denoted G.
Remark 5.1. A consequence of the monadicity of A is the existence of sufficiently many regular projective objects
in A. Indeed, any value G(X) of G is projective, and the morphism X :G(X) → X is a regular epimorphism. By
calling (projective) presentation of Y an extension f : X → Y with X projective, it follows that, for every object Y ,
such a projective presentation exists.
Recall that a chain complex in a semi-abelian category is called proper when its differentials have normal images.
As in the abelian case, the nth homology object HnC of a proper chain complex C with differentials dn is the cokernel
of Cn+1 → K [dn]. The normalization functor N :SA→ PChA turns a simplicial object A into the Moore complex
N (A) of A, the chain complex with N0A = A0,
NnA =
n−1⋂
i=0
K [∂i : An → An−1]
and differentials dn = ∂n ◦⋂i Ker ∂i : NnA → Nn−1A, for n ≥ 1, and An = 0, for n < 0. Since N (A) is a proper
chain complex in a semi-abelian category, one can define its homology objects in the usual way.
Definition 5.2 ([22, Section 6, Case B = Ab(A)]). For n ∈ N0, the object
HnX = Hn−1NAb(GX)
is the nth homology object of X (with coefficients in Ab) relative to the cotriple G. This defines a functor
Hn :A→ Ab(A), for any n ∈ N0.
Proposition 5.3. Let
be a short exact sequence in A. Then the induced sequence in Ab(SA)
(4)
is degreewise split exact and is such that
H0K [AbG f ] ∼= K[K , X ] .
Proof. Since G turns regular epimorphisms into split epimorphisms, the simplicial morphism AbG f is degreewise
split epimorphic in Ab(SA).
For any n ≥ 1, the short exact sequence
through [21, Theorem 5.9], induces the exact sequence
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As a consequence,
K [AbG f ] ∼= K [G f ][K [G f ],GX ] .
It is now possible to prove H0K [AbG f ] ∼= K/[K , X ] by showing that the fork
is a coequalizer diagram [39]. 
Theorem 5.4 (Stallings–Stammbach Sequence and Hopf Formula [22]). If
is a short exact sequence in A, then there exists an exact sequence
(5)
in Ab(A) that depends naturally on the given short exact sequence. Moreover H1Y ∼= Ab(Y ) and, when X is
projective, H2Y ∼= (K ∩ [X, X ])/[K , X ]. 
Remark 5.5. Using Proposition 4.1, one sees that, for a perfect object Y , H2Y may be equivalently defined as the
kernel of the universal central extension of Y .
Let A be an abelian group object in A. Recall that the sum a + b of two elements a, b: X → A of a group
Hom(X, A) is the composite m ◦ (a, b): X → A of (a, b): X → A × A with the multiplication m: A × A → A of A.
Homming into A defines a functor Hom(·, A):Aop → Ab. Given a simplicial object S in A, its image Hom(S, A) is
a cosimplicial object of abelian groups; as such, it has cohomology groups HnHom(S, A).
Definition 5.6. Let A be a semi-abelian category, monadic over Set, and let G be the induced comonad. Let X be an
object of A and A an abelian object. Consider n ∈ N0. We say that
Hn(X, A) = Hn−1Hom(Ab(GX), A)
is the nth cohomology group of X with coefficients in A (relative to the cotriple G). This defines a functor
Hn(·, A):A → Ab, for any n ∈ N0. When it is clear which abelian group object A is meant, we shall denote it
just Hn(·).
Remark 5.7. This is an instance of Barr and Beck’s general definition of cotriple cohomology [3]: Hn(X, A) is
nothing but the nth cohomology group of X , with coefficients in the functor Hom(Ab(·), A):Aop → Ab, relative to
the cotriple G.
Proposition 5.8. For any object X of A,
H1(X, A) ∼= Hom(H1X, A) ∼= Hom(Ab(X), A) ∼= Hom(X, A).
If X is projective then HnX = 0, for any n ≥ 2.
Proof. The first isomorphism is a consequence of the fact that Hom(·, A) turns coequalizers in Ab(A) into equalizers
in Ab. The second isomorphism follows from Theorem 5.4 and the third one by adjointness of the functor Ab.
The second statement follows because if X is projective then GX is contractible (see [3]). 
The following result extends Theorem 12 in [19] and Theorem 1 in [1]:
Theorem 5.9 (Hochschild–Serre Sequence). Let
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be a short exact sequence in A. There exists an exact sequence of abelian groups
that depends naturally on the given short exact sequence.
Proof. The sequence (4) is degreewise split exact; hence homming into A yields an exact sequence of abelian
cosimplicial groups
This gives rise to an exact cohomology sequence
By Proposition 5.3,
H0Hom(K [AbG f ], A) ∼= Hom(H0K [AbG f ], A) ∼= Hom
(
K
[K , X ] , A
)
,
and the result follows. 
As a special case we get the following cohomological version of Hopf’s formula.
Corollary 5.10. Let
be a short exact sequence in A, with X a projective object. Then the sequence
is exact.
Proof. This follows immediately from the sequence in Theorem 5.9, if we use Proposition 5.8 which asserts that
H2X = 0 when X is projective. 
This means that an element of H2(Y, A) may be considered as an equivalence class [a] of morphisms
a: K/[K , X ] → A, where [a] = [0] if and only if a extends to X .
6. The second cohomology group
In this section we characterize the second cohomology group H2(Y, A) of a group Y with coefficients in an abelian
object A as the group Centr(Y, A) of isomorphism classes of central extensions of Y by A.
Proposition 6.1. Let A be a semi-abelian category and Y an object of A. Mapping an abelian object A in A to the
set Centr(Y, A) of isomorphism classes of central extensions of Y by A gives a finite product-preserving functor
Centr(Y, ·):Ab(A)→ Set.
Proof. The functoriality of Centr(Y, ·) follows from Corollary 3.3 and the Short Five Lemma: Centr(Y, 1A) =
1Centr(Y,A) is obvious, and Centr(Y, b ◦ a) = Centr(Y, b) ◦ Centr(Y, a) because the diagram with exact rows
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commutes, which yields a map from the induced pushout Zb◦a to Z Zb. This map is the needed isomorphism of central
extensions.
It is clear that Centr(Y, ·) preserves the terminal object. It also preserves binary products: the inverse of the map
(Centr(Y, piA),Centr(Y, piB)):Centr(Y, A × B)→ Centr(Y, A)× Centr(Y, B)
is defined as follows. Given two central extensions
and
pulling back f × g along the diagonal ∆Y = (1Y , 1Y ): Y → Y × Y yields the diagram with exact rows
Let us denote the isomorphism class of a central extension e as {e}. Then the couple ({ f }, {g}) is mapped to the
isomorphism class {h} of the map h, which is central as a pullback of the central extension f × g. 
The old definition of “Baer sum” [24] now becomes a simple instance of a general categorical fact: a finite product-
preserving functor from an additive category to the category of sets factors uniquely over the category of abelian
groups. This gives
Proposition 6.2. The functor Centr(Y, ·) factors uniquely over the forgetful functor Ab → Set to a functor
Ab(A)→ Ab, also denoted Centr(Y, ·). 
Let us now explicitly describe the group structure on Centr(Y, K ). Here K is an abelian object; as such, it carries
a multiplication m: K × K → K , which induces the map
Centr(Y,m) ◦ (Centr(Y, pi1),Centr(Y, pi2))−1
as the multiplication (or rather, “addition”) on Centr(Y, K ). Let f and g be two central extensions as in the proof
above, where now A = B = K , so that we may form the following diagram:
The arrow (k×l)◦ i is a kernel, thanks to Proposition 2.3 and the fact that h is central. The argument given in the proof
of Proposition 3.2 shows that the bottom sequence is a central extension; its isomorphism class, denoted { f } + {g},
clearly is the sum of the equivalence classes { f } and {g}. As an immediate generalization of the case of groups,
{ f } + {g} could be called the Baer sum of { f } and {g}. (See Gerstenhaber [24] and, in a more general context, [7].)
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In summary: the sum of two classes { f } and {g} is the isomorphism class of the cokernel f + g of the pushout
k × l of the arrow k × l along the multiplication m of K .
Theorem 6.3. Let A be a semi-abelian category, monadic over Set. Then the functor H2(Y, ·) is isomorphic to
Centr(Y, ·).
Proof. We only have to prove that they are isomorphic as Set-valued functors. To do so, let A be an abelian object in
A, and f : X → Y a presentation of Y with kernel K . Consider the reflection
of f into Centr(Y ). In view of Corollary 5.10, we must show that there is a bijection F from the set of equivalence
classes [a] of morphisms a: K/[K , X ] → A, where [a] = [0] if and only if a extends to X , to the set of isomorphism
classes of central extensions of Y by A.
The function F is defined using Corollary 3.3: as Centr f is a central extension, a morphism a: K/[K , X ] → A
gives rise to a central extension of Y by A—of which the isomorphism class F([a]) is the image of [a] through F .
F is well-defined: if [a] = [0] then F([a]) = F([0]). Indeed, it is easily seen that F([0]) is the isomorphism class
of the central extension piY : Y × A → Y . If a: K/[K , X ] → A factors over X then it factors over X/[K , X ], and as
a consequence the extension associated with a has a split monic kernel. It follows that this extension is isomorphic to
piY : Y × A → Y .
Finally, F is a surjection because X is projective and Centr f is the reflection of f into Centr(Y ), and F is injective
because F([a]) = {piY : Y × A → Y } entails that a factors over X . 
7. A universal coefficient theorem for cohomology in semi-abelian categories
This section treats the relationship between homology and cohomology.
Given two abelian objects A and C in A, let Ext(C, A) be the subgroup of Centr(C, A)(∼=H2(C, A)) determined
by (isomorphism classes of) the extensions
of C by A lying in Ab(A) (i.e. having the property that also B belongs to Ab(A)).
Since the regular epimorphisms in Ab(A) are just the regular epimorphisms of A that happen to lie in Ab(A), the
reflection Ab(X) of a projective object X of A is projective in Ab(A). It follows that Ab(A) has enough projectives
if A has, and one may then choose a presentation
(6)
of an abelian object C in Ab(A) instead of that in A.
Proposition 7.1. If A is an abelian object and (6) is a presentation inAb(A) of an abelian object C, then the sequence
is exact.
Proof. This is an application of Corollary 3.3. It suffices to note that the arrow p is central, and that in a square
induced by Corollary 3.3, all objects are abelian. Indeed, Za being an abelian object follows from the fact that Ab(A)
is closed under products and regular quotients in A, and that a can be decomposed as [a, 1A] ◦ lR . 
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Theorem 7.2. If Y is an object of A and A is abelian then the sequence
is exact.
Proof. One diagram says it all:
Here f : X → Y is a presentation with kernel K , and the vertical sequences are exact by Proposition 7.1—the sequence
being a presentation of H1Y—and Corollary 5.10, respectively. The middle horizontal sequence is exact by the Hopf
formula (Theorem 5.4) and the fact that, by the First Noether Isomorphism Theorem [4, Theorem 4.3.10],
(7)
is an exact sequence in Ab(A). 
Recalling that an object Y is perfect if and only if H1Y = 0, Theorem 7.2 yields the following classical result.
Corollary 7.3. If Y is a perfect object and A is abelian then H2(Y, A) ∼= Hom(H2Y, A).
Proof. Comparing the Stallings–Stammbach sequence (5) with Sequence (7) and using that Y is perfect we see that
K/(K ∩ [X, X ]) is isomorphic to Ab(X). The latter object being projective in Ab(A), the sequence (7) is split exact
in the abelian category Ab(A). It follows that
is a split exact sequence; but because Y is perfect, Ext(H1Y, A) is zero. 
Remark 7.4. In Section 6 we showed that Centr(Y, A) ∼= H2(Y, A). Combining this with Corollary 7.3 one
deduces that the category Centr(Y ) of central extensions of a perfect object Y is equivalent to the comma category
(H2Y ↓ Ab(A)). This equivalence essentially follows from the universal property of the universal central extension
of Y . As explained in Section 4, for any object Y , the category Centr(Y ) can be described as a category of discrete
fibrations on the Galois groupoid of any presentation of Y , see [29, Section 6].
Given any object Y and a presentation F → H1Y with kernel R in Ab(A), Proposition 7.1 entails the exactness of
the sequence
If now, for every abelian object A of A, Ext(H1Y, A) is zero, then all functions Hom(F, A) → Hom(R, A) are
surjections, which means that R → F is a split monomorphism. In this case it follows that F = R ⊕ H1Y and H1Y
is projective in Ab(A). As a consequence, we get the following partial converse to Corollary 7.3.
Corollary 7.5. If, for every abelian object A of A, H2(Y, A) ∼= Hom(H2Y, A), then H1Y is projective in Ab(A). 
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